
3.3 Exponential and Poisson Functional Representation
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Theorem4:

②
let H*:= inf HLYIW) then

Fitting
Classical Rejection Sampling : H(YIW) < -logV - Y log( -u)

Greedy Rejection Sampling : HIYIW) < F(XiY) + log ([(XiY) + log4e) + logYe



Discrete Ye41 ,
2, ..., n):Gumbel- Max Trick

ga : to generate a sample Y
.

In contrast to rejection sampling, instead of generating candidates T
,
Tz
,

...

we generate time for each element of 41 ,
2

, ..., nYoY.

·
time = Zi - Exp(ri)

review of Exp R.V: ZExp(r) ,
Zert , * Explar) Vayo

· ZsExp(r) , Z sExp(i) = min(Zi, [c) - Exp(U, + (2)

& 4, % = P(z(22)=
· let times 21,

Zz, ...,
Znid Exp)ri) correspond to $1 ,

2, ... , my.

· What is P) argmin = ) = >

& Exp(rix) = Explai
↓

all except
↑(argmin) = =mini))

↓
Try-41, .., my

=Pm])
-Exp(ay) SExp(a

->PlayingifY

·
if (a) a probability rector, then argmin(2) gives a same to

of the probability rector .-umbel -MaxTrick



Exponential Functional Representation Scheme

· Ye41,
2 , ..., n) : W = (21

, 22s .... [n) where Zyn Exp(Q(y)
with Q some reference dist.

· Y = argmin/O) (genX)

& sort Zy's and send Zy's rank (:=k) to decoder.

e.g. let Y= 10 and sorted times EsZ10 , Zo , Z7 , Zg ,
Zy, . ..

then K = 2.

·

Thedecoderfind
as the k element in the sorted timesshe

Question : Why not send Y itself in the encoder ?

Elias-delta code -

↑ the smaller Zy's are more likely
to be chosen in the argmin.





General Y : Poisson Functional Representation (assumedYell ..., ny)
-

Intuition : limiting argument of Exponential Functional Representation

·
YEIR and Q a continuous distribution

&

Quantized Y : Ya = ALTE) =DZintdis >Y
B when Y & P

&D

j < Exp(@A(y))

the rule : arguint i argminn
b

ratio ofdensities

·
How about Zy ? limit of stochastic process ZysExp(Ep(y) (Radon Nikodym derivative)

N
plot of j , [

R2
each line : only one pointa density of point in each line Eio

YS , Zy) has a

E[j]=y limiting distribution.

Sort pairs ( , Zy) in Ey and call it [VicTi) St. Ti <Tz <T:

· Ti = min Zy = Exp([Q(y) = Exp(t)
Y

·Consider waiting time T2-T, - Exp([Q() = Exp(1-a(Y) Exp(t)
(conditioned on (T)= [Y+is)

o

T T2-ti
, Tz-tz , Ty-ty ,

... id Exp(f)
T , T2 , Yz , ...

id & (y) 3 Poisson Process
.



-> Another viewpoint: point process of pairs (i ,Ti)



Thm 13
. (Strong Functional Representation Lemma)

Y PX , PYX 7 (Pw , $) St
.
XIW and Y-p(X,W) , Pulx

such that

H(YIN) < F(x ; Y) + log) [ (xiY) +2) +2

proof. First the following Lemma :

Lem 12
. (Poisson Functional Representation)

For PQv and g(2) :=Ply) , letT
Y

be a poission point process of rate 8 ; Also Y ,, Y2 ,
... Qu

and Y = Y , where K :argminj

Then Y < Py .
And we have

EllogK] < Da (PylQy) + 1!let Q = Py (marginal of PxPux) -

let T
, Tc... PP(1) and Y

,
Y ,

... i Q
.

let g(y(=PY(
- (c) (y) ·

dPY
then Y =Ykwhere K := argminTN



3) Kem12) : EllogK(x =1)D(P)+2)Ex(ex
Ellog

,
k] < [ (X , Y) + 1

let Ti), ,+2) . . . ]

⑪H(K)
&

IWWI
<Ellogk] + log(E[logk] + 1) + 1

For any RV

Kehl, 2
,
... >

< I(x,Y) + 1 + log(((X :Y) +2) + 1

D

-

Compare :
-

Classical Rejection Sampling . H(Y/W) X-log V - &log( -u)

Greedy Rejection Sampling : H(YIW) < F(X i Y) + log ([(iY) + log4e) + log
,

He

Poisson Functional Rep. Sampling: H(Y(W) < F(X ; Y) + log) I (x,y) +2) + 2

Scheme


